Abstract. Cohort Change Ratios (CCRs) have a long history of use in demography. In spite of their history of use, they appear, however, to have been overlooked in regard to a major canon of formal demography, stable population theory. In this paper, CCRs are explored as a tool for examining the idea of a stable population. In comparing the approach using CCRs to the traditional analytical approach, benefits and drawbacks are noted. The paper also introduces an Index of Stability, which is used in a regression model to estimate the number of years before the population in question becomes (approximately) stable. The regression model works reasonably well and, as such, provides something not available in the traditional analytical approach, which is an estimate of the time to (approximate) stability for a given population. Continuing the use of regression analysis, we also find that a regression model works reasonably well in estimating the intrinsic rate of increase from the initial rate of increase. We know that regression models are generally not as satisfying as analytical expressions in regard to describing relationships. It would be much more elegant to express the time to stability in terms of an analytic expression that incorporates the initial stability index (and probably other information about initial conditions) than it is to express the relationship in the form of a regression model. The same can be said about the relationship between the initial rate of increase in a given population and its intrinsic rate of increase. However, we also note that regression analysis has already been successfully employed in conjunction with stable population analysis, to include estimating intrinsic r from the proportional age distribution of a given population, mean generation length from a trial value of the intrinsic rate of increase, and the generation of model life table families and stable populations.
Introduction
What is a stable population? A stable population is a population with an invariable relative age structure and a constant rate of growth. That is, the proportion of people in each age group remains constant over time (Swanson and Stephan 2004 . When the absolute number of people in each group is also constant over time, a stationary population exists, which is a special case of a stable population in which the growth rate is zero (Swanson and Stephan 2004 ).
An important feature of the stable population model is that over time a population "forgets" its past age distribution when it is subject to constant rates regarding the components of change (Coale 1972 , Preston et al. 2001 ). This property is known as ergodicity. It implies that if one applies a constant set of fertility, mortality, and migration rates to two arbitrarily chosen age distribution, no matter how different, the two age distributions will ultimately converge to the same age distribution.
Alfred J. Lotka is generally credited with formulating the idea of a stable population and exploring many of its important features, including the finding that in the absence of migration, a population subject to constant fertility and mortality rates would eventually have a constant rate of natural increase (Dublin 1925 , Lotka 1907 . Continuing the analytical tradition established by Lotka, many researchers have examined the idea of a stable population and refined its underlying theory and extended its applications (Alho and Spencer 2005 , Arthur and Vaupel 1984 , Bacaër 2011 , Bennett and Horuchi 1984 , Caswell 2001 , Coale 1972 , Le Bras 2008 , Pollard et al. 1974 , Popoff and Judson 2004 , Preston et al. 2001 , Preston and Coale 1982 , Rogers 1985 , Schoen 1985 . Most of this research has, however, been confined to examining a population not affected by migration. However, his is an un-necessarily restrictive assumption (Preston et al. 2001) .
Nonetheless, other than the simple migration rates employed by Rogers (1985 Rogers ( , 1995 and subsequent investigations of more refined model migration schedules (Rogers et al. 1986) , this restriction appears to remain a governing force in the examination of stable population ideas.
Another "unnecessarily restrictive" assumption that has governed much of the work on stable populations is defined by the so-called "two-sex" problem (Pollak 1986 , 1990 , Preston and Coale 1982 . In this problem (which evidently stems from Lotka's 1907 formulation of a stable population), only one sex (virtually always women) was examined in the context of a stable population because of problems reconciling the numbers of births resulting from including both sexes. However, as Preston et al. (2001) show a "female-dominant" approach to fertility offers a convenient way around this problem, one that has been employed in different ways by others (Barclay, 1958: 216-222; Keyfitz and Flieger, 1968) .
The un-necessarily restrictive assumptions regarding migration and the inclusion of both sexes serve as primary motivations for the current paper. A secondary motivation is incorporating migration into examinations of the idea of a stable population in an easy-to-follow manner. To this end, the concept of a stable population is examined from the perspective of "Cohort Change Ratios."
II. Cohort Change Ratios
What are Cohort Change Ratios (CCRs)? They have a long history of use in demography, starting with Hardy and Wyatt (1911) . Under the rubric of "Census Survival Ratios," they have been used to estimate adult mortality (Swanson and Tedrow 201, United Nations 2002) and under the rubric of the "Hamilton-Perry" method, they are used to make population projections (Hamilton and Perry 1962 , Smith Tayman and Swanson 2001 , Swanson, Schlottmann and Schmidt 2010 . However, they appear to have been overlooked in regard to examining the concept of a stable population.
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In this paper, CCRs are used to project a population to stability. Thus, the general ideas associated with CCRs are described in conjunction with the Hamilton-Perry method. The Hamilton-Perry Method is a variant of the cohort-component method that has far less intensive input data requirements. Instead of mortality, fertility, migration, and total population data, which are required by the full-blown cohort-component method, the Hamilton-Perry method requires data only from the two most recent censuses (Hamilton and Perry 1962 , Smith Tayman and Swanson 2001 , Swanson Schlottmann and Schmidt 2010 . The Hamilton-Perry method moves a population by age (and sex) from time t to time t+k using CCRs computed from data in the two most recent censuses. It consists of two steps. The first uses existing data to develop CCRs and the second applies the CCRs to the cohorts of the launch year population to move them into the future. The second step can be repeated infinitely, with the projected population serving as the launch population for the next projection cycle. The formula for the first step, the development of a CCR is:
where n P x,i,t is the population aged x to x+n in area i at the most recent census (t), n P x-k,i,t-k is the population aged x-k to x-k+n in area i at the 2 nd most recent
k is the number of years between the most recent censuses at time t for area i and the one preceding it for area i at time t-k.
The basic formula for the second step, moving the cohorts of a population into the future is:
n P x+k,i,t+k = ( n CCR x , i )*( n P x,i,t )
[2] where n P x+k,i,t+k is the population aged x+k to x+k+n in area i at time t+k n CCR x , i = n P x,i,t / n P x-k,i,t-k n P x,i,t is the population aged x to x+n in area i at the most recent census (t), k is the number of years between the most recent censuses at time t for area i and the one preceding it for area i at time t-k.
Given the nature of the CCRs, 10-14 is the youngest age group for which projections can be made if there are 10 years between censuses. To project the population aged 0-4 and 5-9 one can use the Child Woman Ratio (CWR), or more generally a "Child Adult Ratio" (CAR). It does not require any data beyond what is available in the decennial census. For projecting the population aged 0-4, CAR is defined as the population aged 0-4 divided by the population aged 15-44. For projecting the population aged 5-9, CAR is defined as the population aged 5-9 divided by the population aged 20-49. Here are the CAR equations for projecting the population aged 0-4 and 5-9, respectively.
Population 0-4: 5 P 0,t+k = ( 5 P 0,t / 30 P 15,t ) *( 30 P 15,t+k )
[3]
Population 5-9: 5 P 5,t+k = ( 5 P 5,t / 30 P 20,t ) * ( 30 P 20,t+k ) [4] where P = population, t is the year of the most recent census and t+k is the estimation year There are other "adult" age groups that could be used to define CAR. The definitions shown in the two preceding equations are designed for a population in which fertility is at or below replacement, (i.e., the TFR is less than 2.1 or so), which correlates with the fact that first births tend to be postponed. This increase largely reflects Alaska's net in-migration and relatively young population.
Since this touches on the implicit recognition of the components of population change in the Hamilton-Perry projection for Alaska, it is worthwhile to note here the Hamilton Perry method can be described in terms of these components. That is, the Hamilton-Perry
Method can be expressed in terms of the fundamental demographic equation. Since the fundamental equation is:
where P i,t = Population of area i at time t (e.g., the launch date) P i,t+k = Population of area i at time t+k (e.g., the projection target date) 
while equation [2] can be expressed as n P x+k,i,t+k = ( n CCR x , i )*( n P x,i,t )
[9]
where x+k >= 10 then
where x+k >= 10
These equations clearly reveal that the Hamilton-Perry Method expresses the individual components of change (birth, deaths, and migration) in terms of Cohort Change Ratios and incorporates these components of change in the projections made from it. Note that the fundamental equation can be generalized to include age groups (as well as sex, race, and ethnicity).
III. A Stable Population: The Traditional Approach
Although Preston et al. (2001) point out that the assumption of no migration is unnecessarily restrictive, stable population theory has largely been examined using this restriction. It also has largely been examined in terms of a single sex due to the so-called can be expressed in terms of the number of births into their cohort and the probability of surviving to age a, p(a):
where t>0
Making this substitution into the preceding equation yields
And since the value of G(t) goes to zero over time (e.g., in about 50 years), the birth sequence can be expressed as
where t> 50 where t> 50
and cancelling the common term, B*e pt from both sides yields
The ideas expressed in equations [10 to [15] are usually used to estimate "intrinsic r," the rate of population increase when a given population in question attains stability Barclay (1958) , Keyfitz and Flieger (1968) and Preston et al. (2001) .
IV. A Stable Population: The CCR Approach
The CCR approach simply takes the cohort change ratios found at a current point in time and holds them constant until the population reaches stability. To determine when a population has reached stability, the well-known "Index of Dissimilarity" is employed as an "Index of Stability" (S). The index is defined as: S = 100*{0.5* ∑│( n p x /∑ n P x ) t+y -( n p x /∑ n P x ) t │}.
[16] where y = number of years between census counts/projection cycles x = age n = width of the age group (in years) t = year S compares the relative age distribution at one point in time (t+y) with the relative age distribution at the preceding point in time (t) and measures the percentage that one distribution would have to be re-allocated to match the other. S ranges from 0 to 100; a score of zero is means that there is no allocation error, and 100 means that the maximum allocation error exists. This can mean several things, but a common interpretation is that half of the numbers at one point in time would have to be re-allocated and half of the numbers at the preceding point in time would have to be re-allocated.
S exploits the idea that when a population is stable, the sum of the differences between the relative size of corresponding age groups at time t+y and time t is zero. Thus, at a point time when the sum of the differences across all of the corresponding age groups is zero at that point in time and the preceding point in time (or very nearly so), the population has reached stability. The advantage of using the Index of Dissimilarity as S is that it provides S with a bounded measure (between 0 and 1) and has a clear interpretation. This index could, of course, be used in conjunction with the traditional approach, but it does not appear in the literature in regard to measuring population stability. With S, one has a potential tool for examining the length of time to stability for given population. The final case study population is Whitman County, Washington. This population is of interest not only because it is growing but because it is heavily impacted by a "special population, namely students enrolled at Washington State University. In 2010, the total population of Whitman County was about 45,000. Students at Washington State
University make up about half of this number. This can be seen in Figure 10 .
As was the case with Alaska and the United States, the projection is launched with CCRs taken over the 2000-2010 period, which are held constant from the launch year to a year where S = 0 (relative to the preceding year in the projection cycle). This occurs at the year 2290. Table 4 to Whitman County, which reaches stability in 2420 using these CCRs. Table 5 contains the data while Figure 12 shows the age distribution of Whitman County in 2240 when it reaches stability using the US CCRs. In comparing the age distribution found in Figure   12 to that of the US (at stability) in 2340, it is clear that they are very similar, if not identical. To test this more rigorously, the differences were calculated and found to be essentially zero at each age group. In addition, the intrinsic growth rate of .00475 matches that of the US when it reaches stability. This confirms the idea that using CCRs to generate stable populations is consistent with ergodicity theory. The test results are in Table 6 .
( Figure 12 About Here) (Table 6 About Here)
V. Time to Stability
The analytic approach to a stable population does not provide a means to estimate the time required before a given population achieves stability. In looking at a scatter plot of the initial Stability Score and the time to Stability, it is apparent that a positive linear relationship exists (see Figure 13 ). Thus, it was natural to look toward regression analysis as a way to estimate time to Stability from the initial value of S. Thus, a simple bivariate regression model was constructed using a sample of 18 U.S. States used in a different study (Swanson and Hough 2012) . These states are shown in Exhibit 1.
(Exhibit 1 About Here) ( Figure 13 About Here)
The regression model was constructed using one independent variable, the initial value of S. The Dependent variable is time (in years) to "stability." Of course, there is more information available for a population at its time of launch (e.g., proportion of the population under 20 years of age, the initial rate of population change) that could be examined as potential independent variables in a multiple regression model. However, it is seems obvious that since the larger an S score, the farther a population is from stability, the initial S score should serve as the starting point in a regression model. That is, the hypothesis is that there is a positive relationship between initial S score and time to stability.
Population stability is measured "approximately" by selecting the time to stability defined as when S =0.01. That is, when only one percent of age distribution the population at the preceding year needs to be re-allocated to match the age distribution of the population at the subsequent year. S =0.01 was selected because an examination of the scatter plots for Alaska, The United States, and Whitman County revealed that a long "tail" exists in going from S =0.01 to S =0.00 (see, e.g. Figures 1, 5, or 9 ). Because U.S.
states are used, there are ten years between these two points in time. Figure 13 shows the relationship between the Initial S score and the time to S =0.01.
The NCSS statistical system was used to build the regression model, an overview of which is given below. The input data used to build the regression model are found in Both the intercept and the partial regression coefficient for the initial S score is statistically significant (α = 0.05) and that the coefficient of determination suggests that the model explains 50 percent of the variation in years to approximate stability (S =0.01).
( Table 7 About Here)
To get an idea of the accuracy of the model shown in the regression equation, it was used to estimate time to S =0.01 for the case study populations, Alaska, the United States, and Whitman County, Washington. Table 8 provides the results of this examination.
( 
VI. Estimating Intrinsic r from the initial rate of population increase
A range of methods exist for estimating intrinsic r (Barclay 1958 : 216-222, Coale 1957 , 1972 , Dublin 1925 , Keyfitz and Flieger 1968 Lotka 1907 , McCann 1973 , Pressat 2009 : 318-328, Preston et al. (2001 ), but we not aware of the direct use of regression analysis using the initial rate of increase in a given population for this purpose. 2 We note that analytic methods are preferable when relationships are understood. However, as Barclay (1958: 216) observes the determination of a nonstationary population is a complex task and the literature does not reveal a direct relationship between the initial rate of increase in a given population to its intrinsic rate of increase (Barclay 1958 , Coale 1957 , 1972 , Dublin 1925 , Keyfitz and Flieger 1968 , Lotka 1907 , McCann 1973 , Pressat 2009 , Preston et a. 2001 As an initial exploration of this relationship, and given the positive results yielded from employing regression to estimate the time to stability for a given population, we, therefore, employ regression analysis.
As a first step, we use data on 67 countries found in Keyfitz and Flieger (1968) in a "proof of concept" test. These 67 cases represent are the most recent entries for national and ethnic populations in Keyfitz and Flieger (1968) ; they also were used by McCann (1973) in constructing a quadratic regression model to estimate mean generation length, which he then employed to estimate intrinsic r in conjunction with the natural logarithm of the net reproduction rate. The independent variable is the natural rate of increase, which Keyfitz and Flieger (1968) found by subtracting the crude death rate from the crude death rate for these 67 populations. The dependent variable is the intrinsic rate of increase found by Keyfitz and Flieger for these same 67 populations. As an example, the initial rate of increase used for Costa Rica in 1963 is 41.31 while its intrinsic rate of increase is 41.5200 (Keyfitz and Flieger 1968: 96) . The complete set of data is found in Table 9 while Figure 14 provides a scatter plot between the initial rate of increase (r) and the intrinsic rate of increase (r').
( Table 9 The regression model constructed from the data in Table 9 using the NCSS Statistical System is:
r' = -1.1719 + 1.0532*r (p= .0222) (p <.0001) r 2 = .8992
The results strongly support the idea that r' can be estimated from r using linear regression. The coefficient of determination is very high and the slope coefficient is statistically significant. Given this, we now turn our attention to the same 18 county data set used to generate the regression model used to estimate time to stability from the score of the initial stability index (S). The counties are names in Exhibit 3 while the values of r and r' for these 18 counties are provided in Table 10 . (Table 10 About Here)
The scatter plot between r (x axis) and r' (y axis) for these 18 counties found in Figure 15 shows a positive linear relationship between these two variables and is consistent with what was observed in Figure 14 .
( Figure 15 About Here)
The regression model constructed from the data in Table 10 using the NCSS Statistical System is:
r' = -0.0036 + 0.9561*r (p= .0004) (p < .0001) r 2 = .9302
As was the case with the "proof of concept" test using the data from Keyfitz and Flieger (1968) , the results for the model constructed using the data for the 18 show that that r' can be estimated from r using linear regression. The coefficient of determination is very high and both the intercept terms and the slope coefficient are statistically significant. To get an idea of the accuracy of the model shown in the regression equation, it was used to estimate r' from r for the three case study populations, Alaska, the United States, and Whitman County, Washington. Table 11 provides the results of this examination.
VII. Conclusion
Cohort Change Ratios (CCRs) appear to us to be useful as a tool for examining the idea of a stable population, given the informal and non-rigorous examination found in this paper. Benefits of the CCR approach include the ability to easily deal with both sexes and all of the components of change, including migration. A drawback of the CCR approach is that one cannot easily assess the effect of each component of change since they are all effectively rolled into CCRs. However, we can add a new perspective on a stable population by noting that it has an invariant relative age structure and both a constant rate of growth and a constant set of Cohort Change Ratios. It may seem obvious that a constant set of CCRs would eventually yield a stable population, but the obvious appears have been unstated until now.
There are three by-products of this paper: (1) the Index of Stability (S); (2) the use of S to estimate time to stability; and (3) estimating intrinsic r (r') directly from a given population's initial rate of increase (r). As noted earlier, we were unable to find anything similar to S in the stable population literature and, in particular, it use to define stability.
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Calling upon the Index of Dissimilarity for this purpose appears to be a natural use for it and the data suggest that when S=0, a population has reached stability. The use of S in estimating time to stability via a regression model also appears to us to be useful. The third by-product is the use of regression to estimate intrinsic r (r') from the initial rate of increase for a given population (r). Again, the results suggest that intrinsic r can be estimated using regression and as was the case for S and its use in estimating time to stability, we are not able to find anything in the stable population literature that this had been done before.
In applying the US CCRs to Whitman County, when this population reached stability, its age distribution was the same as that found for the US when the latter reached stability. That is, as suggested by formal stable population theory, this case study shows that when a constant set of rates is applied to a given population, the initial age distribution is "forgotten" as the population becomes stable.
The CCR approach appears to be sufficiently useful to warrant further investigation.
In this studies, it appears it would be useful to graph The Stability Index over the time it takes a given population to reach stability. The graphs presented here for the three case studies suggest a non-monotonic and non-linear path and similar results (not shown here)
were found for the sample of 18 states. The work with the 18 states suggests that regression models provide a way to estimate both time to stability and intrinsic r. These findings suggest that there are relationships within the CCRs and the initial set of conditions in the launch population and the population preceding it (from which the CCRs are constructed along with initial S and the initial rate of increase, r) that hold the key to developing analytic expressions for the relationships between these initial conditions, on the one hand, and the time to stability and r', on the other.
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It may be the case that both the regression model used to estimate time to stability and the model used to estimate r' are accurate only within "families" of population dynamics.
Here, the types of dynamics come to mind that are analogous to the Regional Model Life Tables and Stable Populations developed by Coale and Demeny (1996) . If this is the case, then the different families would need to be identified and regression models specific to each family would need to be constructed using data from the populations with each family.
Another area for research is the use of CCRs in conjunction with ideas promulgated by Keyfitz (1974) for examining stable processes across two (or more) interacting populations. Because it can deal with both sexes and migration quite handily, the CCR approach may be more tractable in regard to examining the path to stability in such populations.
In conclusion, we know that regression models are generally not as satisfying as analytical expressions in regard to describing relationships. It would be much more elegant to express the time to stability in terms of an analytic expression that incorporates the initial stability index (and probably other information about initial conditions) than it is to express the relationship in the form of a regression model. The same can be said about the relationship between the initial rate of increase in a given population and its intrinsic rate of increase. However, we also note that regression analysis has already been successfully employed in conjunction with stable population analysis, to include the Bourgeois-Pichat method for estimating intrinsic r from the proportional age distribution 
Endnotes

1.
While not an exception to this statement, Sprague (2012) employs a Leslie Matrix in conjunction with cohort change ratios, which could be used to move an initial population to stability. In unpublished work, Swanson (2013) also has developed a Leslie Matrix approach that implements the cohort change ratio approach using a macro written in Visual Basic Applications for excel. The program and excel file is for 16 5-year age groups (0-4, 5-9,…,75+) and a five-year projection cycle. The file includes documentation and instructions for running the macro. It is available on request from David Swanson (dswanson@ucr.edu).
2. While it appears that regression analysis has not been used to estimate intrinsic r from an initial r, Bourgeois-Pichat employed it to estimate intrinsic r from the proportional age distribution of a given population (see Keyfitz and Flieger 1968: 40) .
3. Keyfitz and Flieger (1968: 23 and 24-41) show a "dissimilarity" score between a current population age distribution and the age distribution for the corresponding stable population. The index is the sum of positive differences between the two distributions. This index is only one simple step from the Index of Dis-similarity. However, even so it is neither employed by Keyfitz and Flieger to define a stable population nor used to estimate time to stability.
4. As one example of the "initial conditions" information available at launch, the Child Adult Ratio used to project children age 0-4 and 5-9 in the CCR approach is very similar to the "Replacement Index," described by Barclay (1958: 215-216) as an approximation of the net reproduction rate. Population Division, United Nations. 
